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TORSION FREE INSTANTON SHEAVES ON THE BLOW-UP OF
P3 AT A POINT
ABDELMOUBINE AMAR HENNI
Abstract. We consider an extension of the instanton bundles definition, given
by Casnati-Coskun-Genk-Malaspina, for Fano threefolds, in order to include
non locally-free ones on the blow-up P˜3, of the projective 3−space at a point.
With the proposed definition, we prove that any reflexive instanton sheaf
must be locally free, and that the strictly torsion free instanton sheaves have
singularities of pure dimension 1. We construct examples and study their
µ−stability. Furthermore, these sheaves will play a role in (partially) com-
pactifying the t’Hooft component of the moduli space of instantons, on P˜3.
Finally, examples of these are shown to be smooth and smoothable.
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1. Introduction
The study of instanton bundles, and their Moduli, in the case of Fano three-
folds, beside the classical, and very important, case of the projective space, started
almost a decade ago by Kuznetsov [14] and Faenzi [5], for Fano varieties of in-
dex 1, and 2. Since then, many examples have been studied [17, 3, 4, 19], with
special attension to the construction of their moduli and features that generalizes
the classical instantons on P3, such as their splitting behaviour on line. Recently,
Casnati-Coskun-Genk-Malaspina, in [4], proposed a more general definition of in-
stanton bundles that unifies all the preceding ones. Moreover, in the example of
the blow-up, P˜3, of the projective space they give a detailed study of such bundles
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and their moduli. For X a Fano threefold of index iX , let qX := [
iX
2 ], and denote
with f its fundamental divisor;
Definition 1.1. [4, Definition 1.1] A vector bundle E of rank 2, on X is called an
instanton bundle if the following properties hold:
• The first Chern class of E is c1(E) = (2qX − iX)h;
• E is µ−semi stable, with respect to the polarization OX(h), given the ample
divisor h;
• The cohomology group H1(X, E(−qXh)) is trivial.
Moreover, the second chern class c2(E) will be refered to as charge of the instanton
bundle E .
The definition above is also independent of the rank of the Picard group and
happen to be very useful for obtaining a monad-like description of these bundles
[14, 5, 4, 17]. Monad descriptions are, in most situations, very dependent of the
knowledge of the bounded derived category of coherent sheaves D♭(X), on X, and
conditions such as in the second item of the definition above are practical in order
to obtain crucial vanishings, so that Beilinson-like spectral sequences degenerate,
and consequently leading to a monad.
The drawback of the definition above is the fact that it does not include non
locally free sheaves, neither higher rank cases. In particular, a simple form of Serre
duality is enough to get many of the desired vanishings. In the present paper we
shall extend Definition 1.1, on the blow-up P˜3 of the projective 3−space, by adding
more cohomology vanishing, in order to include non locally free instantons that can
be used compactify the moduli space. In the case of P3 instanton sheaves, such
compactifications were also used to understand the geography of the Maruyama
moduli space of stable rank 2 sheaves and related constructions, as in [1] and
references therein.
The definition that we propose, in this work, is an attempt to understand the
more general situation, in a particular case. We hope to be able to include wider
classes of varieties, in future work. We shall see that this definition is non empty,
as we provide examples of their constructions. It also follows from our definition
that any reflexive instanton sheaf of rank 2, on P˜3, is locally free. Moreover,
1stMain Result: [Corollary 13 and Theorem 3.7]
(a) Any torsion free instanton sheaf F , on P˜3, is also the cohomology of a
monad:
(1) 0→
O
P˜3
(−1, 1)⊕(l+γ)
⊕
Ω1(0,−1)⊕(k−l)
α
→
O
P˜3
(−1, 1)⊕γ
⊕
Ω1(1,−1)⊕k
⊕
O
P˜3
(−1, 0)⊕2(k−l)
β
→ O
⊕(2k−l−r)
P˜3
→ 0.
In which, the map α fails to be injective exactly on the singularity locus of
F .
(b) The singularity locus of a strictly torsion free instanton sheaf, on P˜3 has
pure dimension 1.
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The property in item (b), are special to rank 2 and is a generalization of the
already known phenomenon on P3, as it was shown in [11], for all rank 2 instanton
sheaves, and in independently in [9, Theorem ], for the special case of the fixed
instantons sheaves of rank 2, with respect to a toric action.
As an application we study the boundary of the component of the instanton
bundles given by [4, Construction 7.2], and that we will call t’Hooft bundles: In
order to achieve the desired result, we use elementary transformations, as in [13, 18],
with respect to a triple (Σ,L, φ), satisfying certain conditions, where Σ is a curve,
L is an invertible sheaf on Σ and φ is a surjective map. In particular, it will follow
that µ−(semi-)stability is preserved under these operations. Furthermore, in the
last part of this work we will prove
2ndMain Result: [Proposition 5.4] Let F be the elementary transform of a
t’Hooft instanton bundle, on P˜3, with respect to an elementary data (Σ,L, φ), in
which Σ is a union of lines. Then its isomorphism class [F ] is smooth and smooth-
able.
In particular, the isomorphism class of such sheaves does not lie in the inter-
section of the t’Hooft component with another one, inside the larger moduli of all
instantons.
We observe that the latter result helps us undertand only a part the boundary of
the t’Hooft component. In the future, We hope to be able to understand the whole
boundary and also how other components fit in the larger moduli of all instantons,
on P˜3. The relation with the more general moduli of µ-stable sheaves, on P˜3, in
general is also of a high interest.
This paper is organized as the following; In section 2 we recall some results
about P˜3 and set notations. Section 3 will be dedicated to our extended definition
of instanton sheaves and its consequences. In particular, we give the proof of our
first main Theorem 3.7. In Section 4.1, we introduce elementary transformations
of instantons and study µ−stability of the obtained sheaves, with respect to these
operations. In particular we show the existence of torsion free instanton sheaves
with the proposed Definition 3.1. Finally, in Section 5 we prove smothness and
smoothability of elementary transformations of t’Hooft instanton bundles on P˜3.
2. The Blow-up of the projective space at a point
Let P3 be the projective 3−space, over the field of complex numbers C, and
fix a point p0 in it. We will denote by P˜3 be the blow-up of P
3 at p0, and by
π : P˜3 → P3 the blow-down map. Let H, be the pull-back of the cohomology
class of plane section, in H2(P3,Z), and set E for the cohomology class of the
exceptional divisor in H2(P˜3,Z), then the Picard group of P˜3 can be written as
Pic(P˜3) = HZ⊕ EZ, and one can show that the Chow ring of P˜3 is isomorphic to
the ring A∗(P˜3) = Z[E,H]<E·H,E3−H3> .
For a divisor D = a ·H+b ·E we associate the the line bundle O(D) = O(a, b) :=
O(a · H) ⊗ O(b · E). In particular, the canonical bundle, associated to the canon-
ical divisor K
P˜3
= −4H + 2E, is denoted by ω
P˜3
= O(−4, 2). We recall that the
Hirzebruch-Riemann-Roch formula for coherent sheaves F and G, on a smooth
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variety X is given by
χ(F,G) :=
dimX∑
i=0
(−)idimExti(F,G) =
∫
ch∗(F ) · ch(G) · Td(X),
where Td(X) is the Todd class of X and the dual Chern character ch∗(F ) is given
by
⊕i(−)
ichi(F ) ∈ H
2•(X,Z).
For a line bundle this reads
χ(O(p, q)) =
1
6
((p+ 1)(p+ 2)(p+ 3) + q(q − 1)(q − 2))
More generally, for a coherent sheaf F of Chern character
ch(F ) = r+[aH+bE]+
1
2
[(a2−2k)H2+(b2−2l)E2]+
1
6
(a3+b3−3ak−3bl+3m)[H3]
The Gorthendieck-Riemann-Roch theorem, for F(p, q) := F ⊗O(p, q), gives:
χ(F(p, q)) = r·χ(O(p, q)) + χ(O(a, b))− 1 +
1
6
[3m− 3k(a+ 4)− 3l(b− 2)](2)
+
1
2
[ap(p+ a+ 4) + bq(q + b− 2)− 2(kp+ lq)].
Grothendieck-Serre duality can be expressed as
Exti(F ,G) ∼=Ext3−i(G,F ⊗O(K
P˜3
))∨
∼=Ext3−i(G,F(−4, 2))∨(3)
We also remind the reader that P˜3 is a fano threefold of index r = 2, degree
d = 7 and Picard number 2. Its fundamental divisor is F := 1r ·KP˜3 = 2H−E, and
satisfies [6, Proposition 1.9]:
dimHi(P˜3,O(F )) =
{
9, i = 0
0, i > 0
Moreover, one has
dimHi(P˜3,O(nF )) = 0 ∀i > 0, ∀n > −2,
and in particular Hi(P˜3,O(−F )) = 0, ∀i ≥ 0, by Serre duality.
Proposition 2.1.
(i) π∗O(0, q) = π∗O(qE) =


Iqp0 q < 0
O q ≥ 0
, where Ip0 is the ideal sheaf of the
blown-up point p0 ∈ P3;
(ii) H0(O(p, q)) = 0, ∀q if p < 0;
(iii) Hi(O(p, q)) = 0, ∀i ≥ 0 if −3 ≤ p ≤ −1, and 0 ≤ q ≤ 2
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Proof. (i) By Zariski’s main Theorem, one has π∗(O
P˜3
) = OP3 , π∗(OE) = Op0
and Riπ∗(O
P˜3
) = Riπ∗(OE = 0, for i > 0. By taking the direct images of
0→ O
P˜3
(−E)→ O
P˜3
→ O|E → 0(4)
0→ O
P˜3
→ O
P˜3
(E)→ O|E(1)→ 0(5)
One obtains
0→ π∗O
P˜3
(−E)→ π∗O
P˜3︸ ︷︷ ︸
O
P3
→ π∗O|E︸ ︷︷ ︸
Op0
→R1π∗O
P˜3
(−E)→ 0(6)
0→ π∗O
P˜3︸ ︷︷ ︸
O
P3
→ π∗O
P˜3
(E)→ π∗O|E(1)→ 0(7)
It follows that
π∗O
P˜3
(−E) ∼= Ip0 , R
1π∗O
P˜3
(−E) = 0
and
π∗O
P˜3
(E) ∼= OP3 , π∗OE(1) = 0.
The rest of the result is by induction steps
0→ π∗O
P˜3
(qE)→ π∗O
P˜3
((q − 1)E)→ π∗OE(q)→R
1π∗O
P˜3
(−E)→ · · ·
on (6), when q < 0, and (7), when q ≥ 0.
H0(O(p, q)) = 0, ∀q if p < 0.
(ii) This follows from item (i) and the fact that
H0(P˜3,O(p, q)) = H0(P˜3,O
P˜3
(p, q))
= H0(P˜3, π∗OP3(p)⊗ π∗OP˜3(q))
= H0(P3, π∗(π
∗OP3(p)⊗ π∗OP˜3(q)))
= H0(P3,OP3(p)⊗ π∗OP˜3(q));
where the last line is given by the projective formula. Sine we have
H0(P3,OP3(p)⊗ π∗OP˜3(q)) =
{
H0(P3, Ip0(p)) = 0 q < 0
H0(P3,OP3(p)) = 0 q ≥ 0
∀p < 0.
(iii) First, we note that, by item (ii) and Serre duality we have:
H0(O(p, q)) = H3(O(p, q)) = 0,
for
(−3, 0), (−3, 0), (−3, 0), (−2, 1), (−2, 1), (−2, 1), (−1, 2), (−1, 2), (−1, 2).
Hence dimH1(O(p, q)) ∼= dimH2(O(p, q)), since χ(O(p, q)) = 0, for the
above values.
Moreover, using the fact that Hi(O|E(qE)) ∼= H
i(P2,OP2(q − 3)) and
Euler Characteristic χ(O|E(qE)) = χP2(OP2(q − 3)) one has H
i(O|E(1)) =
Hi(O|E(2)) = 0 for i = 0, 1, 2, 3. Finally, by considering the restriction
sequences
0→ O(p, 1)→ O(p, 1)→ O|E(1)→ 0
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and
0→ O(p, 2)→ O(p, 2)→ O|E(2)→ 0,
for p = −1,−2,−3, and the associated long exact sequences in cohomology,
it follows that H1(O(p, 1)) ∼= H2(O(p, 2)) = 0, for p = −1,−2,−3.

Lemma 2.2. [16, lemma4.2] For any p, q ∈ Z, one has
h1(O
P˜3
(p, q)) · h2(O
P˜3
(p, q)) = 0.
Here we put hi(F) := dimHi(F) for a sheaf F on P˜3.
Lemma 2.3.
(i) For any coherent sheaf F on P˜3, we have
m ≡ k(a+ 4)− l(b− 6) (mod2)
(ii) A rank 2 reflexive sheaf on P˜3 is locally free if, and only if, m = 0.
Proof. (i) Immediate, since the Euler characteristic χ(F ) must be integer.
(ii) The proof is similar to [7, Proposition 2.6]; The Chern class of = F(p, q) is
given by
c(F(p, q)) =1 + [c1(F) + 2c1(O(p, q))]
+[c2(F) + c1(F)c1(O(p, q)) + c1(O(p, q))
2] + [c3(F)]
=1 + [(a+ 2p)H + (b + 2q)E] + [(k + ap+ a2)H2 + (l + qb+ b2)E2]
+ [mH3].
On the other hand, since P˜3 is smooth, hence integral and locally factorial,
then for an rank 2 coherent sheaf, one has F∨ ∼= F ⊗ det(F)−1. Hence, by
putting p = −a and q = −b, it follows that
(8) c(F∨) = 1− [aH + bE] + [kH2 + lE2] + [mH3].
On the other hand, since F reflexive, then its cohomological dimension
is less than, or equal to, 1, and it is given by a locally free resolution
0→ E1 → E0 → F → 0. Applying Hom(−,O
P˜3
), one gets:
0→ F∨ → E∨0 → E
∨
1 → Ext
1(F ,O
P˜3
),
where the sheaf Ext1(F ,O
P˜3
) is supported on the singularity locus of F ,
hence, by reflexivity, on a finite set of points, and its Chern class is given by
c(Ext1(F ,O
P˜3
)) = 1 + 2tH3, where t = dimH0(Ext1(F ,O
P˜3
)) is its length
[7, Lemma 2.7]. In this way, one has c(F) = c(E0)c(E1)−1, and
c(F∨) = c(E∨0 )
−1c(E1)c(Ext
1(F ,O
P˜3
)),
Using the fact that for a locally free sheaf one has ci(E∨) = (−)ici(E∨), we
get
c(F∨) = (1 − [aH + bE] + [kH2 + lE2]− [mH3])(1 + tH3)
= 1− [aH + bE] + [kH2 + lE2] + [(2t−m)H3](9)
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It follows, from the above line and (8), that (2t−m) = m, hence m = t. In
particular, for Ext1(F ,O
P˜3
) = 0 if, and only if, F locally free, if, and only
if, m = 0.

Another result, due to Hartshorne [7, Theorem 2.5], that can be generalized to
any locally integral scheme of dimension 3, is the following:
Theorem 2.4. Let F be a rank 2 reflexive sheaf on P˜3. Then there are isomor-
phisms
H0(F∨ ⊗ ω
P˜3
) ∼= H3(F)∗
H3(F∨ ⊗ ω
P˜3
) ∼= H0(F)∗
and an exact sequence:
0→ H1(F∨⊗ω
P˜3
)→ H2(F)∗ → H0(Ext1(F , ω
P˜3
))→ H2(F∨⊗ω
P˜3
)→ H1(F)∗ → 0
The following consequence, of the above Theorem will be useful in the next
section.
Theorem 2.5. Let F be a rank 2 reflexive sheaf on P˜3 with c1(F) = 0, and satis-
fying H2(F(−2, 1)) = 0 = H1(F(−2, 1)). Then F is locally free.
Proof. From the 5−term sequence in Theorem 2.4 applied to F(−2, 1) one has
0→ H1(F(−2, 1))→ H2(F(−2, 1))∗ → H0(Ext1(F(−2, 1), ω
P˜3
))
→ H2(F(−2, 1))→ H1(F(−2, 1))∗ → 0.
By the vanishing conditions, we have that H0(Ext1(F(−2, 1), ω
P˜3
)) = 0, and the
result follow. 
3. Instanton sheaves:
Casnati-Coskun-Genk-Malaspina in [4, Definition 1.1], had a general definition
for instanton bundles on Fano threefolds. In the case of P˜3. We shall adopt the
following definition in order to include torsion-free sheaves:
Definition 3.1. A rank r torsion-free sheaf F , on P˜3, will be called an instanton
sheaf, if it is semi-stable, with c1(F) = 0, and satisfies:
(i) H0(F(−1, 1)) = H3(F(−4, 1)) = 0;
(ii) H1(F(−2, 1)) = H2(F(−2, 1)) = 0;
(iii) H2(F(0,−1)) = H2(F(−1, 1)) = 0.
Remark 3.2. In case, F is of rank 2 and locally free, the conditions on H1,3(F(−2, 1))
are trivially satisfied, and by Serre duality F has no sections. Furthermore, in this
case, the vanishings in item (iii) can be proved as in [4, Proposition 5.2]. We re-
mark also that by applying Theorem 2.5, it follows that there are no strictly reflexive
instanton sheaves of rank 2 on P˜3.
We will also use the following
Definition 3.3. A pure 1−dimensional sheaf Q on P˜3 is called a rank 0− instanton
sheaf if it satisfies H0,1(Q(−2, 1)) = 0.
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In what follows we shall consider the following exceptional sequence of line bun-
dles:
(10) < O
P˜3
(−2, 1),O
P˜3
(−1, 0),O
P˜3
(0,−1),O
P˜3
(−2, 2),O
P˜3
(−1, 1),O
P˜3
>
Lemma 3.4. If F is a torsion-free instanton sheaf according to Definition 3.1,
then for each member L of the sequence (10) we have:
(i) χ(F(−2, 1)) = 0
(ii) H0(F ⊗ L) = H3(F ⊗ L) = 0;
(iii) H2(F) = H2(F(−1, 0)) = 0.
Proof. (i) This follows from formula (2)
(ii) This can be seen from the vanishing H0(F) = 0 and the fact that for each L,
in the given list, we have an injection F⊗L →֒ F . On the other hand, from
Definition 3.1, items (i) and (ii), it follows that H3(−2, 1) = 0, moreover,
one has a surjection H3(F(−2, 1))։ H3(F ⊗ L). thus the result follows.
(iii) We start by proving that H2(F) consider the restriction sequence
0→ O
P˜3
(−2, 1)→ O
P˜3
→ OS → 0
to the fano surface S. Twisting by F and taking cohomology, it follows
that H2(F) ∼= H2(F|S). By Serre-Grothendieck duality on S, one obtains
the isomorphism H2(F) ∼= Hom(F |S , ωS). Moreover we have an injection
Hom(F |S , ωS) →֒ Hom(F |S ,OS) ∼= H
2(F|S ⊗ ωS). But ωS = O|S(−2, 1)
by th adjunction formula. Now twisting the restriction sequence to S by
F(−2, 1) and taking cohomology, one gets
0 = H2(F(−2, 1))→ H2(F|S ⊗ ωS)→ H
3(F(−4, 2)) = 0,
thus, the vanishing holds. To prove the second vanishing We will use the
sheaf Ω1 := pr∗Ω1
P2
. We remind the reader that this sheaf fits in the follow-
ing exact sequences:
0→ Ω1 → O
P˜3
(−1, 1)⊕3 → O
P˜3
→ 0;(11)
0→ O
P˜3
(−3, 3)→ O
P˜3
(−2, 2)⊕3 → Ω1 → 0.(12)
The first sequence is the pull-back of the Euler sequence, and the sec-
ond one is obtained by dualizing the first and twisting by O
P˜3
(−3, 3).
Twisting (11) by F(0,−1) and taking the long sequence in cohomology,
one obtains the following: H0(Ω1 ⊗ F(0,−1)) = H3(Ω1 ⊗ F(0,−1)) = 0
and H2(Ω1 ⊗ F(0,−1)) ∼= H0(F(−1, 0))⊕3. On the other hand if we twist
(12) by F(0,−1) we get 0 = H2(F(−2, 1))⊕3 → H2(Ω1 ⊗ F(0,−1)) →
H3(F(−3, 2)) = 0, and the result follows.

In [2, Theorem 8] Ancona and Ottaviani, proved the following
Theorem 3.5. Let E :=
⊕
iOPn(ai) on P
n. with ai ≥ 0, and for X = P(E)
pr
→ Pn,
let Urel, Q be, respectively, the relative universal and quotient sheaf. Then any
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complex F•, of coherent sheaves, is obtained as the cohomology of the complex C•F
given by
CpF =
⊕
s−i=p
⊕
q+h
H
s(pr∗OPn(−q)⊗ Urel(−h)⊗F
•)⊗ pr∗Ωp
Pn
(p)⊗ ΛhQ∨.
In our case, the quotient bundle is the rank 1 bundle O
P˜3
(1, 0) and the relative
universal bundle is the line bundle O
P˜3
(0, 1).
Corollary 3.6. An instanton sheaf F as in definition 3.1, is the middle cohomology
of a monad M• given by
(13) 0→
O
P˜3
(−1, 1)⊕(l+γ)
⊕
Ω1(0,−1)⊕(k−l)
α
→
O
P˜3
(−1, 1)⊕γ
⊕
Ω1(1,−1)⊕k
⊕
O
P˜3
(−1, 0)⊕2(k−l)
β
→ O
⊕(2k−l−r)
P˜3
→ 0;
where 2k− l ≥ r, k− l ≥ 0 and γ := H2(F(−2, 2)). Moreover, the map α is injective
as a sheaf map and
Supp(Sing(F)) = {x ∈ P˜3|α(x) not injective }.
We recall that the display of such a monad is the following diagram
(14) 0

0

M−1

M−1
α

0 // K //

M0
β
//

M1 // 0
0 // F //

C //

M1 // 0
0 0
where K := ker(β) and C := coker(α)
Proof. The proof is a direct application of Theorem 3.5 by using the vanishings in
lemma 3.4. Recall that Supp(Sing(F)) =
⋃
1≤p≤3 Supp(Ext
p(F ,O
P˜3
)). Dualizing
the left column of the display 14, one has the exact sequence
0→ F∨ → K∨
α∨
→ (M−1)∨ → Ext1(F ,O
P˜3
)→ 0.
and Ext2,3(F ,O
P˜3
) = 0. Thus, in our case we have
Supp(Sing(F)) = Supp(Ext1(F ,O
P˜3
)),
Moreover, from the exact sequence above, we see that x ∈ Supp(Sing(F)) if, and
only if, at the level of stalks, the map K∨x
α∨x→ (M−1)∨x fails to be surjective. Hence,
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this occurs if, and only if, the map at the level of fibers K∨(x)
α∨(x)
→ (M−1)∨(x)
is not surjective, since both K∨ and (M−1)∨ are locally free. In other words,
Supp(Sing(F)) is the locus where α fails to be injective. 
The main result of this section is a generalization of [11, Main Theorem] and [9,
Theorem 3.4] in the case of the torically fixed rank 2 instantons. We shall prove
the following:
Theorem 3.7. If F is a strictly torsion-free rank 2 instanton sheaf , then
(i) F∨ ∼= F∨∨ and both are locally free;
(ii) The singularity locus of F is of pure dimension 1;
(iii) The sheaves Ext1(F ,O
P˜3
) and F∨∨/F are both rank-zero instanton sheaves
of charge c2(F)− c2(F∨∨) and satisfy
Ext2(Ext1(F ,O
P˜3
), ω
P˜3
) ∼= (F∨∨/F)⊗ ω
P˜3
.
Item (i) is the content of the last part of Remark 3.2, following from Theorem 2.5,
since the dual, and hence the double dual, of any sheaf is reflexive. The proof for
items (ii) will be given at the end of this section, after showing some intermediate
results.
Lemma 3.8. If F is a torsion free instanton sheaf on P˜3 then
(i) H1(F∨(−2, 1)) = H0(F∨) = 0.
(ii) H2(F∨(−2, 1)) = H0(Ext1(F ,O
P˜3
(−2, 1))) = H1(Ext1(F ,O
P˜3
(−2, 1))) = 0.
(iii) H0,1((F∨∨/F)(−2, 1)) = 0
Proof. Dualizing the monad (13) one gets a complex
(15) M˜• : 0→ (M1)∨ → (M0)∨ → (M−1)∨ → 0
whose cohomology is given by H0(M˜) = F∨ and H1(M˜) = Ext1(F ,O
P˜3
). The
display associated to it can be written as:
(16) 0

0

(M1)∨

(M1)∨
α

0 // C∨ //

M0
β
//

G // 0
0 // F∨ //

K∨ //

G // 0
0 0
where G is a sheaf that fits in the following short exact sequence:
(17) 0→ G → (M−1)∨ → Ext1(F ,O
P˜3
)→ 0.
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(i) By twisting the left column by O
P˜3
(−2, 1)) and taking the long exact se-
quence in cohomology one gets
H1(C∨(−2, 1))→ H1(F∨(−2, 1))→ H2((M1)∨(−2, 1)),
in which the term on the right is zero, since
H2((M1)∨(−2, 1)) = H2(O
P˜3
(−2, 1))2k−l−2 = 0.
Using the sequence middle row of (16), the term on the left can be put in
the sequence
H0(G(−2, 1))→ H1(C∨(−2, 1))→ H2((M0)∨(−2, 1)).
Furthermore, H0(G(−2, 1)) = 0, since H0(G(−2, 1)) →֒ H0((M−1)∨(−2, 1)) =
H0(O
P˜3
(−1, 0))⊕(l+γ) ⊕ H0(Ω1(1,−1)). The first summand is cohomologi-
cally trivial and from (12) one has
(18) H0(O
P˜3
(−1, 1)→ H0(Ω1(1,−1))→ H1(O
P˜3
(−2, 2)).
Both left and right terms vanish, since also O
P˜3
(−2, 2) and O
P˜3
(−1, 1) are
cohomologically trivial.
To prove that F∨ has no sections, recall that from Remark 3.2 that this
sheaf is locally free and since it is of rank 2 and has trivial Chern class,
we have F∨ ∼= F∨∨. Dualizing again the complex (15), we obtain a monad
similar to M•, in which α∨∨(x) is injectivex everywhere. Hence, one can
fit H0(F∨) in the sequence
(19) H0(K)→ H0(F∨)→ H1O
P˜3
(−1, 1))︸ ︷︷ ︸
0
⊕H1(Ω1(0,−1)).
From (12) one has
H1(O
P˜3
(−2, 1)→ H1(Ω1(0,−1)→ H2(O
P˜3
(−3, 2)),
and it follows that the right term, in (19), is trivial. Finally, we have an
injection
H0(K) →֒ H0(M0) =


H0(O
P˜3
(−1, 1))⊕γ = 0
⊕
H0(Ω1(1,−1))⊕k = 0 by (18)
⊕
H0(O
P˜3
(−1, 0))⊕2(k−l) = 0
(ii) Twisting (17), by O
P˜3
(−2, 1) and taking cohomology, we get the exact
sequence
H0((M−1)∨(−2, 1))→ H0(Ext1(F ,O
P˜3
(−2, 1)))→ H1(G(−2, 1))→ H1((M−1)∨(−2, 1)).
Recall that (M−1)∨(−2, 1) =
Ω1(1,−1)k−l
⊕
O
P˜3
(−1, 0)l−γ
and O
P˜3
(−1, 0) is cohomo-
logically trivial. On the other hand, from the long exact sequence in coho-
mology associated to (12) twisted by O
P˜3
(1,−1) one has
H0(O
P˜3
(−1, 1))→ H0(Ω1(1,−1))→ H1(O
P˜3
(−2, 2))
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and
H1(O
P˜3
(−1, 1))→ H1(Ω1(1,−1))→ H2(O
P˜3
(−2, 2)).
Since the line bundles O
P˜3
(−2, 2) and O
P˜3
(−1, 1) are both cohomologically
trivial, it follows that H0(Ext1(F ,O
P˜3
(−2, 1))) ∼= H1(G(−2, 1)). Now, if we
consider the lower row of the display (16) twisted by O
P˜3
(−2, 1), and take
the long exact sequence in cohomology, we obtain
H1(K∨(−2, 1))→ H1(G(−2, 1))→ H2(F∨(−2, 1))→ H2(K∨(−2, 1)).
On the other hand
H1(M0)∨(−2, 1))→ H1(K∨(−2, 1))→ H2(O
P˜3
(−2, 1))
and
H2(M0)∨(−2, 1))→ H2(K∨(−2, 1))→ H3(O
P˜3
(−2, 1)).
A similar computation as above, for the case of (M−1)∨ and using the fact
that the line bundles involved are cohomologically trivial, one obtains that
the isomorphism H1(G(−2, 1)) ∼= H2(F∨(−2, 1)) Thus
H2(F∨(−2, 1)) ∼= H0(Ext1(F ,O
P˜3
(−2, 1))).
But H2(F∨(−2, 1)) = H1(F∨(−2, 1)), and from item (i) the latest term is
zero. The proof of the vanishing H1(Ext1(F ,O
P˜3
(−2, 1))) is similar.
(iii) Let Q := F∨∨/F . From the exact sequence
(20) 0→ F → F∨∨ → Q→ 0
twisted by O
P˜3
(−2, 1) one has
0 = Hi(F∨∨(−2, 1))→ Hi(Q(−2, 1))→ Hi+1(F(−2, 1)) = 0.

Lemma 3.9.
Ext1,3(Ext1(F ,O
P˜3
), ω
P˜3
) = 0, and
Ext2(Ext1(F ,O
P˜3
), ω
P˜3
) ∼= (F∨∨/F)⊗ ω
P˜3
.
Proof. combining (17) and the lower row in (16) one has a diagram
0

0 //M−1 //

K // F //

0
0 // G // K // F∨∨ //

Ext1(G,O
P˜3
) // 0
Q
0
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and by the snake lemma it follows that Ext1(G,O
P˜3
) ∼= Q. Moreover, by dualizing
(17) one has Ext1(Ext1(F ,O
P˜3
),O
P˜3
) = 0, Ext1(G,O
P˜3
) ∼= Ext2(Ext1(F ,O
P˜3
),O
P˜3
)
and Ext2(G,O
P˜3
) ∼= Ext3(Ext1(F ,O
P˜3
),O
P˜3
). Finally, by dualizing the middle row
in (16) it is easy to see that Ext2(G,O
P˜3
) = 0. A final twist by ω
P˜3
gives the result.

Proof of Theorem 3.7. By Lemma 3.9 we have codim(Ext3(Ext1(F , ω
P˜3
), ω
P˜3
)) = 4,
since it has no support on P˜3, and it follows from [10, Propositio 1.1.10] that
Ext1(F ,O
P˜3
) is pure of dimension 1. Moreover, by item (ii) of Lemma 3.8 this
sheaf is a rank 0 instanton sheaf.
On the other hand, by dualizing the sequence (20), one has Ext1(F ,O
P˜3
) =
Ext2(Q,O
P˜3
) and Ext3(Q,O
P˜3
) = Ext2(F ,O
P˜3
) = 0. Hance also Q is pure of di-
mension 1. It also follows from sequence (20) that Q is a rank 0 instanton sheaf,
since H0,1(Q(−2, 1)) = 0, from item (iii) of Lemma 3.8. Finally the charge of these
instanton is easily obtained.

4. Elementary transformations
In this section we shall give examples of strictly torsion-free instanton sheaves
on P˜3; We start with the following:
Definition 4.1. Let E be a rank 2 instanton sheaf on P˜3, of charge kH2 + lE2; a
triple (Σ,L, φ) will be called an elementary transformation data for E if it satisfies
(i) i : Σ →֒ P˜3 is an embedded reduced, but possibly reducible, locally complete
intersection curve of genus g, with class [Σ] = d1H
2 + d2E
2 ∈ A1(P˜3);
(ii) L ∈ Picg−1(Σ) a line bundle on Σ satisfying H0,1(i∗L) = 0, and such that
the following maps
H1(E(−1, 1))։ H1(i∗L⊗O
P˜3
(1, 0)) and H1(E(−1, 0))։ H1(i∗L ⊗O
P˜3
(1,−1))
are surjective;
(iii) φ : E ։ i∗L ⊗O
P˜3
(2,−1) is a surjective morphism.
In this case, the sheaf F := ker(φ) is called an elementary transformation of E .
The above definition also appears in [13] and [18].
Proposition 4.2. Let E be a rank 2 torsion-free instanton of charge kH2 + lE2,
Then its elementary transform F with respect to the data (Σ,L, φ) is also a rank 2
instanton sheaf of charge (k + d1)H
2 + (l + d2)E
2, and satisfies F∨ ∼= E∨.
Proof. First, by taking the long exact sequence of cohomology associated to the
elementary transformation sequence
(21) 0→ F → E
φ
→ i∗L(2,−1)→ 0
twisted by O
P˜3
(−2, 1) and by using the vanishing H0,1(i∗L) = 0, in item (ii) of
Definition 4.1, one concludes that H1,2(F(−2, 1)). On the other hand, twisting by
the sequence above by either O
P˜3
(0,−1) or O
P˜3
(−1, 1) and using the surjectivity
of the morphisms, again, in item (ii) of Definition 4.1, it follows that H2(F(0,−1))
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and H2(F(−1, 1)). Finally, the vanishings of item (i) in Definition 3.1 are easily
obtained, since i∗L is supported in dimension 1 and F(−1, 1) is a subsheaf of
E(−1, 1). Moreover if F is not semi-stable, then a destabilizing ideal sheaf of F ,
would also destabilize E , contradicting our hypothesis. It remains to compute the
instanton charge charge of F . This is an application of the formula
(22) ch(i∗L ⊗O
P˜3
(2,−1)) = i∗[ch(L ⊗ i
∗O
P˜3
(2,−1))Td(N
Σ/P˜3
)−1]
where N
Σ/P˜3
is the normal sheaf to Σ in P˜3 and its Todd class can be computed
from the sequence
0→ TΣ → i∗T
P˜3
→ N
Σ/P˜3
→ 0,
and in our case, it is given by Td(N
Σ/P˜3
)−1 = 1 − (2d1 − d2 + g − 1) · [pt], where
[pt] is the class of a point. Since L ∈ Picg−1(Σ), it follows that
ch(L ⊗ i∗O
P˜3
(2,−1)) = ch((L ⊗ i∗OΣ((2d1 − d2)[pt])))
= 1 + (g − 1 + 2d1 − d2)[pt]
Hence by (22) it follows that ch3(L ⊗ i∗O
P˜3
(2,−1)) = 0. Moreover, since c1(L ⊗
i∗O
P˜3
(2,−1)) = 0, it follows that F is a rank 2 instanton sheaf of charge c2(F) =
(k + d1)H
2 + (l + d2)E
2

Remark 4.3. If we start with a rank 2 locally free instanton sheaf E , then, by
construction, its elementary transform F , with respect to a datum (Σ,L, φ), will be
strictly torsion-free. Furthermore, by Proposition 4.2, this is an instanton sheaf as
in Definition 3.1, with double dual F∨∨ = E , which proves their existence.
Example 4.4. (i) One can take Σ := L where L is a line whose class H2
in the Chow ring of P˜3. Then by taking L := OL(−1), it is easy to see
that the conditions H0,1(i∗L) = 0, are satisfied, and that the maps in item
(ii) of 4.1 are surjective since H1(i∗L ⊗ O
P˜3
(1, 0)) = H1(OL) = 0 and
H1(i∗L ⊗ O
P˜3
(1,−1)) = H1(OL) = 0. Thus the elementary transform of a
rank 2 instanton sheaf of charge kH2+ lE2, is an instanton sheaf of charge
(k + 1)H2 + lE2,
(ii) One can also take Σ := L where, now, L is a line whose class E2 and
setting L := OL(−1), again, then H
0,1(i∗L) = 0, as above and surjectivity
of the maps in item (ii) of 4.1 is also satisfied since H1(i∗L⊗O
P˜3
(1, 0)) =
H1(OL(−1)) = 0 and H
1(i∗L⊗O
P˜3
(1,−1)) = H1(OL) = 0. The elementary
transform of the instanton sheaf of charge kH2 + lE2, in this case, will be
of charge kH2 + (l + 1)E2.
(iii) More generally if we set Σ := L1
⊔
L2, where L1 is a line whose class H
2,
and L2 is a line whose class E
2, then a concatenation of elementary trans-
formations of items (i) and (ii) can be seen as an elementary transformation
with respect to a pure 1 dimensional sheaf Q := i1∗OL1(2)⊕ i2∗OL2(2), We
let the reader check that all the conditions are satisfied. Moreover, this can,
also, be generalized to the case where Σ := C1
⊔
C2, where C1 is a curve
whose class H2, and C2 is another curve whose class d2E
2.
Lemma 4.5. If E is a µ−stable rank 2 instanton sheaf on P˜3, then its elementary
transform is also µ−stable.
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Proof. If the elementary transform F of E is not stable, it admits a destabiliz-
ing sheaf G, hence with µ(G) = 0. Thus it destabilizes E , which contradicts the
hypothesis. 
Recall that instanton bundles E given in [4, Construction 7.2] are obtained, via
Hartshorne-Serre corrspoondence, from a union of disjoint lines, so we shall call
them t’Hooft instantons on P˜3, since they generalize the t’Hooft instantons on P3.
If an instanton is not given by such a construction then we shall say that is is non
t’Hooft.
The t’Hooft instanton bundles, on P˜3, of any admissible charge, are proved to be
µ−stable for [4, Theorem 1.7]. For the more general instantons, the answer have
been proved positive only for small values of the charge [4, Proposition 6.4]. The
following result, broaden the result in the case of higher values of the charge and
non locally free case:
Corollary 4.6. There exist µ−stable rank 2 instanton sheaves, of any charge kH2+
lE2, of non t’Hooft type.
Proof. From [4, Proposition 6.4], all instanton bundles of charge kH2 + lE2, such
that (k− l) ≤ 14 are stable, in particular, if we start with a non t’Hooft instanton,
then by, iterated elementary transformations and Lemma 4.5, we fill the gaps for
(k − l) > 14. 
5. An application: Smoothability
As an application, of the results above, we want to study the t’Hooft compo-
nent of instantons on P˜3, In particular, we will show that the locus of isomorphism
classes obtaind, via elementary transformations, from a t’Hooft instanton bundle,
are in the boundary of a higher charge t’Hooft component. Thus they are smooth-
able. Furthermore we will see that such a locus is smooth, hence it cannot be in
the intersection of two torsion free components of instantons. This requires the
following results, proved in [12, 13], for P3, and which can be generalized easily to
P˜3;
Proposition 5.1 (Lemma 5.1 [13]). Let X be a 3-fold, i : Σ→ X a reduced, locally
complete intersection curve, M a line bundle on Σ and E a rank 2 locally free sheaf
on X equipped with a surjective map φ : E ։ i∗M. Then for the the torsion free
sheaf F := ker(φ),we have an exact sequence
(23) 0→ Hom(F ,F)→ Hom(E , E)→ i∗M
⊗2 ⊗ det(E)−1 → 0.
By using the result above one can generalize [13, Lemma 5.2] to get the following;
Lemma 5.2. Let E be a µ−stable instanton bundle of charge kH2+ lE2 on P˜3, and
(Σ,L, φ) be an elementary transformation data for E , with H∗(i∗L⊗2⊗O
P˜3
(4,−2)) =
0, then The elementary transform F = ker(φ) satisfies:
(i) Ext1(F ,F) = H0(Ext1(F ,F))⊕H1(Hom(F ,F));
(ii) Ext2(F ,F) = H1(Ext1(F ,F)) ∼= H1(Ext2(i∗L
⊗2 ⊗O
P˜3
(4,−2),F));
(iii) h1(Hom(F ,F)) = 8k − 4l− 3 + h0(i∗L⊗2 ⊗O
P˜3
(4,−2)).
Proof. As in the proof for [13, Lemma 5.2], we shall use the local-to-global spectral
sequence with E2−term
Epq2 = H
p(Extq(F ,F))
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given by the table:
(24)
0 0 0 0
0 0 0 0
H1(Hom(F ,F)) H1(Ext1(F ,F)) 0 0
H0(Hom(F ,F)) H0(Ext1(F ,F)) 0 0
The utmost right column and the one on its left are formed from zero terms
because Extq(F ,F) = 0 for q = 2, 3. This can be seen by applying Hom(•,F) on
the left column of display (14). The vanishing of the terms in the third column
from the right are obtained by the fact that Ext1(F ,F) is supported on the curve
Σ. By applying the cohomology functor on the sequence (23) one obtains
0→ H0(Hom(F ,F))→ H0(Hom(E , E))→ H0(i∗L
⊗2 ⊗O
P˜3
(4,−2))(25)
→ H1(Hom(F ,F))→ H1(Hom(E , E))→ 0
H2(Hom(F ,F))→ H2(Hom(E , E)) = 0(26)
H3(Hom(F ,F))→ H3(Hom(E , E)) = 0(27)
Since H1(i∗L⊗2 ⊗O
P˜3
(4,−2)) vanishes by hypothesis. Furthermore, the vanish-
ings (26) and (27) hold because E is a locally free instanton sheaf on P˜3 and the
result in [4, Theorem 1.7]. At this stage, we already see that the above spectral
sequence degenerates at the second step. Hence item (i) and the first equality in
item (ii) follow immediately. The last isomorphism in item (ii) is obtained by ap-
plying the functor Hom(•,F) to the sequence (23). Finally, item (iii) follows from
sequence (25); since E is µ−stable, then by Corollary (4.6), also F is µ−stable,
hence both are simple. Hence the formula follows immediately from [4, Theorem
1.7].

Lemma 5.3. [13, Lemma 7.1] Let C be a smooth irreducible curve with marked
point 0, and set B := C × X, where X is a smooth threefold. Let F and G be
B−sheaves, flat over C and such that F is locally free along Supp(G). Denote
Xt = {t} ×X, and
Ft = F|Xt , Gt = G|Xt for t ∈ C.
Assume that, for each t ∈ C,
Hi(Hom(Ft, Gt)) = 0, i ≥ 1.
Assume that s : F0 → G0 is an epimorphism. Then, after possibly shrinking C, the
map s extends to an epimorphism s : F։ G.
The above result was originally written for X = P3, but the proof is valid for
any smooth threefold.
We recall, from [4, Construction 7.2], that a t’Hooft instanton bundles E fits in
a sequence:
(28) 0→ O
P˜3
(−1, 1)→ E → IX(1,−1)→ 0,
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where IX is the ideal sheaf of a scheme
X :=
k−l⋃
i=1
Ci ∪
l+1⋃
j=1
Lj ,
in which C′is are pull-back of lines in P
3, that do not meet the blow-up point
and L′js are fibers of the canonical projection P˜
3 → P2. All of them chosen to be
pairwise disjoint. Moreover, such bundles are µ−stable and generically trivial, i.e.,
H1(L, E(−2, 1)⊗OL) = 0, for a general line L in P˜3, and equivalently E|L ∼= O
⊕2
L .
Moreover, For each k, l ≥ 0 such that 2k− l ≥ 2, we have an irreducible component
I0
P˜3
(k, l) of t’Hooft instanton bundles with charge kH2 + lE2, [4, Theorem 1.8].
Our next result is to show that instanton sheaves obtained via elementary trans-
formations, by lines, from t’Hooft instanton bundles of charge kH2+ lE2 are in fact
in the boundary ∂I0
P˜3
(k′, l′) of locally free t’Hooft instanton component of higher
charge k′H2 + l′E2. We will say that a union of lines is of type (d1, d2), if it is of
the form
d1⋃
i=1
Ci ∪
d2⋃
j=1
Lj .
Proposition 5.4. Let F be an elementary transform of a t’Hooft instanton bundle
of charge kH2 + lE2, on P˜3, with respect to an elementary data (Σ,L, φ), in which
Σ is a union of lines of type (d1, d2), with d1+d2 = r. Then [E ] ∈ ∂I0
P˜3
(k+r, l+d2)
is a smooth point.
The proof of this proposition is very similar to [13, Proposition 7.2 and Propo-
sition 7.3]
Proof. The proof is by induction on the number of lines r forming Σ
First we set r = 1, and consider Σ is a pull-back of the a line in P3. Suppose
that we fix a disjoint union of lines
X :=
k−l⋃
i=1
Ci ∪
l+1⋃
j=1
Lj ,
as above, then the sheaves F given by the extension
(29) 0→ O
P˜3
(−1, 1)→ F → IX(1,−1)→ 0
are classified by Ext1(IX ,O
P˜3
(−2, 2)) which is easy to show that it is isomor-
phic to V =
⊕k−l
i=1 H
0(OCi) ⊕
⊕l+1
j=1 H
0(OLj ). Furthermore, any extension can
be identified with its coordinates (x1, · · · , xk−l, y1, · · · , yl+1), for xi ∈ H
0(OCi)
and yj ∈ H
0(OLj ). By [8, Proposition 3.1], there exists a flat universal exten-
sion parametrized by the affine space V = Ak+1, and by restricting it to a line
A1 = {(t, 1, · · · , 1)|t ∈ C} we get a 1−dimensional family F = {Ft}t∈A1. Moreover
we have Ft is locally free for t 6= 0. But for t = 0, one can take the double dual
E0 := F∨∨0 which is an instanton sheaf in I
0
P˜3
(k − 1, l), since it will fit in the exact
sequence
(30) 0→ O
P˜3
(−1, 1)→ F0 → IX1(1,−1)→ 0
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where
X1 :=
k−l⋃
i=2
Ci ∪
l+1⋃
j=1
Lj ,
In this way we obtain a morphism ψ : A1 → I0
P˜3
(k, l) sending t to the extension
[Ft] whose limit is F0. In other words [F0] ∈ ∂I0
P˜3
(k, l). Finally the extension (29)
for F0 gives an exact sequence
(31) 0→ F0 → E0 → OCi(1pt)→ 0
which shows that F0 is an elementary transformation of E0 and by Lemma 5.2 we
see that [F0] is a point in I0
P˜3
(k, l). it smoothness will be proved below.
If Σ is a fiber of the projection P˜3 → P2, then by choosing an other line A1 =
{(1, 1, · · · , s)|s ∈ C} we get another 1−dimensional family of instanton bundles in
I0
P˜3
(k, l − 1), corresponding to a scheme, whose limit is in ∂I0
P˜3
(k, l) and is also
smooth. and this completes the proof for r = 1
For r ≥ 2, Let Σ = Σ′ ∪ N, where Σ is of type (d′1, d
′
2), with d
′
1 + d
′
2 = r −
1and N, a line of type (0, 1) or (1, 0), as above: We set Q = Q′ ⊕ ON (−pt) and
Q′ =
⊕r−1
n=1ONi(−pt). Let E a t’Hooft instanton bundle and F its transform with
respect to (Σ,L, φ). Then we have successive surjections E
φ
։ Q ⊗ O
P˜3
(2,−1) ։
Q′ ⊗O
P˜3
(2,−1) and an exact sequence
0→ F → F ′
φ′
→ ON (1pt)→ 0.
By the induction hypothesis, the sheaf F ′ is in the boundary of ∂I0
P˜3
(k+r−1, l+d′2).
for some di. Thus we can find a flat deformation F, on U ⊂ A
1, for some open affine
U containing 0, for which F0 = F ′ and Ft is locally free and generically trivial
(by construction of the t’Hooft instanton bundles above), for all t 6= 0. If we set
G := p∗Q′, where p : P˜3×U → P˜3, one has Hi(Hom(Ft,Gt)) = H
i(ON (1pt)⊕2) = 0,
for i ≥ 1 and t ∈ U. Remark that we included t = 0, since the sequence 0→ F ′ →
E → Q′ ⊗ O
P˜3
(2,−1) → 0 also implies that F ′|N = E|N whenever the support of
Q′ is disjoint from N . Finally, by Lemma 5.3, there is a epimorphism s : F ։ G
extending φ′ : F ′ → ON (1pt). Thus [st] ∈ ∂I0
P˜3
(k + r, l + d2) and so is F .
It only remains to prove the smoothness: We suppose that the curve Σ is a line,
then by iteration, to a disjoint union of lines, the result will follow in the general
case. First we suppose Σ = C; in this case the determinant of its normal sheaf is
given by
det(N
Σ/P˜3
) ∼= OΣ(2pt)
Moreover we have a sequence
(32) 0→ F → E → i∗L⊗O
P˜3
(2,−1)→ 0,
where L = OΣ(−pt) and from the fact that E is an instanton bundle, we see that
the conditions of Lemma 5.2 are satisfied. Moreover h0(i∗L⊗2 ⊗ O
P˜3
(4,−2)) =
h0(Σ,OΣ(2pt) = 3. Hence, from Lemma 5.2, it follows that h1(Hom(F ,F)) =
8k − 4l. Now, let us apply Hom(•, E) to the sequence (32); one has Hom(i∗L ⊗
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O
P˜3
(2,−1), E) = 0, and consequently Hom(F , E) ∼= Hom(E , E) and Ext1(i∗L ⊗
O
P˜3
(2,−1), E) ∼= Ext1(i∗OΣ,O
P˜3
)⊗ E ⊗O
P˜3
(−2, 1) = 0, since Σ is a curve.
Claim 1:
Hom(F , i∗L⊗O
P˜3
(2,−1)) = i∗OΣ(1pt)
⊕2 ⊕ i∗OΣ(2pt).
First, we have Hom(F , i∗L⊗O
P˜3
(2,−1)) ∼= i∗Hom(i∗F ,OΣ(1pt)). On the other
hand, if we apply the composite functor i∗(•⊗i∗OΣ) to (32), we obtain the sequence
0→ i∗Tor1(i∗L ⊗O
P˜3
(2,−1), i∗OΣ, )→ F|Σ → E|Σ → OΣ(1pt)→ 0
which can be broken into
(33) 0→ i∗Tor1(i∗L ⊗O
P˜3
(2,−1), i∗OΣ)→ F|Σ → G → 0
and
(34) 0→ G → O2Σ → OΣ(1pt)→ 0
From (34) one can see that G = OΣ(−1pt). Remark that the sheaf i∗Tor1(i∗L⊗
O
P˜3
(2,−1), i∗OΣ) is in fact equal to N∨
Σ/P˜3
⊗ OΣ(−1pt) ∼= O
⊕2
Σ . From (33), we
conclude that F|Σ = O
⊕2
Σ ⊕OΣ(−1pt), and the claim follows.
Claim 2: Ext1(F , E) = i∗OΣ(1pt)⊕2
By applying the functor Hom(•, E) on (32), we get
Ext1(F , E) =Ext2(i∗L⊗O
P˜3
(2,−1), E)
= Ext2(i∗OΣ(−1pt),O
P˜3
)⊗ E(−2, 1)
= Ext2(i∗OΣ,O
P˜3
)⊗ i∗OΣ(1pt)⊗ E(−2, 1)
= i∗OΣ(1pt)
⊕2
Where the last equality is obtained by the fact that E|Σ = O
⊕2
Σ and
Ext2(i∗OΣ,O
P˜3
) ∼= det(N
Σ/P˜3
) ∼= i∗OΣ(2pt).
Claim 3: There is a long exact sequence
0→i∗L
⊗2 ⊗O
P˜3
(4,−2)→ Hom(F , i∗L⊗O
P˜3
(2,−1))→ Ext1(F ,F)(35)
→ Ext1(F , E)→ Ext1(F , i∗L ⊗O
P˜3
(2,−1))→ 0
If We apply the functor Hom(F , •) to (32), then we get
0→Hom(F ,F)→ Hom(F , E)→ Hom(F , i∗L ⊗O
P˜3
(2,−1))(36)
→ Ext1(F ,F)→ Ext1(F , E)→ Ext1(F , i∗L ⊗O
P˜3
(2,−1))→ 0,
since Ext1(F ,F) = 0, as we saw in the proof of Lemma 5.2. Also, from the proof
of Proposition 5.1, one has Hom(F , E) ∼= Hom(E , E), and the claim follows.
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Claim 4: Ext1(F , i∗L ⊗O
P˜3
(2,−1)) ∼= i∗O(2pt)
Now, if we apply Hom(•, i∗L⊗O
P˜3
(2,−1)) on (32), we obtain
Ext1(F , i∗L⊗O
P˜3
(2,−1)) = Ext2(i∗L, i∗L)(37)
∼= i∗ det(NΣ/P˜3) = i∗O(2pt).
Then by using the sequence (35) and the proved Claims 1-2 one has:
0→i∗OΣ(2pt)→ i∗OΣ(1pt)
⊕2 ⊕ i∗OΣ(2pt)→ Ext
1(F ,F)(38)
→ i∗OΣ(1pt)
⊕2 → i∗O(2pt)→ 0
Again, by breaking this long sequence into short exact ones, one obtains the
isomorphism
Ext1(F ,F) ∼= i∗OΣ(1pt)
⊕2 ⊕ i∗OΣ,
thus
h0(Ext1(F ,F)) = 5, h1(Ext1(F ,F)) = 0,
Finally from Proposition 5.2 it follows that ext1(F ,F) = 5 + 8k − 4l − 3 + 3 =
8(k + 1)− 4l− 3, and this completes the proof.
In the case of Σ = L, one makes the changes
N
Σ/P˜3
= OΣ(1pt)⊕OΣ(−1pt), det(NΣ/P˜3) = OΣ and i∗L⊗OP˜3(2,−1)) = OΣ;
then one can check that
Ext1(F ,F) ∼= i∗OΣ(1pt)⊕ i∗OΣ ⊕OΣ(−1pt),
hence
h0(Ext1(F ,F)) = 3, h1(Ext1(F ,F)) = 0,
Finally from Proposition 5.2 it follows that ext1(F ,F) = 3 + 8k − 4l − 3 + 1 =
8k − 4l + 1 = 8(k + 1)− 4(l + 1)− 3.

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